Fibre products of Artin—Schreier curves and generalized hamming weights of codes  by van der Geer, Gerard & van der Vlugt, Marcel
JOURNAL OF COMBINATORIAL THEORY, Series A 70, 337-348 (1995) 
Note 
Fibre Products of Artin-Schreier Curves and 
Generalized Hamming Weights of Codes 
GERARD VAN DER GEER 
Faculteit Wiskunde n Informatica, Universiteit van Amsterdam, 
Plantage Muidergracht 24, 1018 TV Amsterdam, The Netherlands 
AND 
MARCEL VAN DER VLUGT 
Mathematisch Instituut, Rijksuniversiteit teLeiden, 
Niels Bohrweg 1, 2300 RA Leiden, The Netherlands 
Communicated bythe Managing Editors 
Received May 10, 1993 
INTRODUCTION 
Let Fq be a finite field with q =pm elements. By applying the trace map 
Tr: Fq -~ Fp we can associate in a canonical way to a code C over Fq a 
code over Fp, called the trace o f  C and denoted by Tr(C). 
We consider now a finite-dimensional Fq-linear subspace 5° of the field 
of rational functions Fq(x). We assume that the functions in 5O all have 
poles in a set P of Fq-rational points of the projective line p1. We look at 
the Fq-code 
C= {f (x)x~vl (vq)_e :  f s 2 '} .  
Then the trace code Tr(C) is the Fp-code consisting of the words 
c f=(Tr ( f (x ) )x~l . l (vq)  e) ( feso) .  
Many classical codes can be viewed as trace codes of this type. 
The weight distribution of Tr(C) is closely related to the distribution of 
the number of Fq-rational points on the Artin-Schreier curves with affine 
equation 
yP -- y = f (x )  with 
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Recently, coding theorists became interested in generalized Hamming 
weights and the higher weight distributions of codes; see [W]. In general, 
it is very hard to determine generalized Hamming weights and higher 
weight distributions. 
In this paper we shall attach algebraic urves to subcodes of trace codes. 
This leads to families of curves over Grassmann varieties. The weight of the 
subcode can then be expressed in terms of the number of points on the 
corresponding curve and the higher weight distributions of the trace code 
describe the variation of the number of points in families of these curves. 
We derive some consequences both for coding theory as well as for the 
theory of curves over finite fields in that we give estimates for the 
generalized Hamming weights, determine some generalized Hamming 
weights, and indicate how one can find new supersingular curves and 
curves with the maximum number of points. In [ G-V 7] we used these 
fibre product curves to construct curves with many points. 
While preparing this paper Stichtenoth informed us that he and Voss 
had obtained results similar to results of this paper (Section 2 and 
Section 3.B to be precise). Their work can be found in [S-V] and the 
subsequent paper [ D-S-V]. Their approach is by algebraic function fields, 
while we use a more geometric point of view. 
1. GENERALIZED HAMMING WEIGHTS 
If C is an Fq-code of length n and dimension k then the rth generalized 
Hamming weight dr(C) for 1 ~< r ~< k is given by 
dr(C) = min{ #S(D):  D is an r-dimensional subcode of C}. 
Here S(D), the support of D, is the set of coordinate places for which at 
least one word of D has a non-zero coordinate. The quantity 
w(D) = #S(D) is called the effective length or the weight of D. 
The r-dimensional weight distribution of C consists of the numbers 
A~ r) = # {D: w(D) = i, dim (D) = r} (i = 0, ..., n), 
where D runs through the r-dimensional subcodes of C. 
Since the projection of D onto a coordinate place is an Fq-linear map we 
see immediately that 
1 
w(D) - q r__  qr--~ ~ w(d), 
d~D 
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where w(d) is the weight of the word d. Hence 
1 
dr(C)=q~ qr-1 - -  min o is a . " imens iooa '  subcode } 
The higher weight distributions atisfy relations that generalize the well- 
known MacWilliams identities for the usual weight distribution; see [Si]. 
2. FIBRE PRODUCTS OF CURVES 
Let P be a subset of pI(Fq) and ~ be a finite-dimensional Fq-linear sub- 
space of Fq(x) with £w n Fq --- {0}. We assume that the non-zero elements 
of S have poles in P only and with multiplicities relatively prime to p. We 
consider the trace code 
Tr(C) = { cf = (Tr(f(x) )x~v~(vq)_p): f c Y}  
of length n = q + 1 - # P. 
Let D be an r-dimensional Fp-linear subspace of Tr(C). Choose a basis 
cii, ..., cFr corresponding to the elements f l ..... fr  of 5~. We denote by ~D the 
r-dimensional Fp-subspace of L~ ca spanned by f l  ..... ft. To the word cf, we 
can associate the (complete non-singular) Artin-Schreier curve C:~ with 
affine equation 
yp  - y = f~(x) .  
Let ~bg: Cf ~ p1 be the map given by the inclusion Fq(x) ~ Fq(x, y). We 
consider the curve 
C (D) = Normalization of (C~ x v~ x ... x v~ Cy~), 
the normalization of the fibre product of the Cf over P~ with respect o the 
maps ~bg. Note that this curve carries an action of (Z/pZ) r. (For the proper- 
ties of the fibre product we refer to [ M ].) 
(2.1) LEMMA. The curve C (°) is up to isomorphism independent of the 
chosen basis of D. 
Proof The function field Fq(C (D)) is obtained by adjoining to Fq(x) the 
elements Yi satisfying yf -y i=f~(x) .  By using the Fp-vector space 
isomorphism @~Fpyi ~-D defined by Yi ~ c~, a change of basis in D 
induces a linear transformation of the y~ and this gives rise to a Fq(p1) -
automorphism of Fq(C(D)). | 
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The cardinality of the set C(D)(Fq) of Fq-rational points of C (D) deter- 
mines the weight w(D) as follows. 
(2.2) PROPOSITION. The weight w( D ) satisfies 
where e(Q) = dim rp{f e LfD: f is regular at Q}. 
Proof Let z- -z(D)  be the number of coordinate places, where all words 
in D have a coordinate zero, so that w(D)=n-z .  A position 
Q~pI (Fq) -P  is a common zero of all elements of D if and only if 
Tr( f (Q))  =0 for all fe  ~D" This is equivalent to the fact that the number 
of Fq-rational points of the curve C: above Q is equal to p for all i -- 1 ..... r. 
Now the fibre over Q on C (D) either possesses p~ or zero Fq-rational 
points, depending on whether or not all C: have p Fq-rational points over 
Q. Furthermore, C(D) has p~(Q) points over the elements Q of P. This can 
be seen most conveniently using the action of the Galois group (Z/pZ) r on 
C (D). Hence we find that 
/ 
Z = ~ ~ C(D)(Fq) -- 
which proves the formula. | 
 pp (Q) ) /pr 
(2.3) COROLLARY. The generalized Hamming weight dr(Tr(C)) is given by 
o 
Q~P 
where the maximum is taken over all r-dimensional subeodes D of Tr( C). 
For a curve C over Fq we define the integer tc as 
tc = q + 1 - # C(Fq) (trace of Frobenius). 
We shall write tf for tc: and t D for tc(~). 
(2.4) LEMMA. We have the relation 
(p -  1)tD= • t:. 
f~ ~e~- {o} 
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Proof For the total weight of the words in the r-dimensional subcode 
D of Tr(C) we have 
w(d)= ~ w(d)=(pr-p r-l) w(D). 
deD dED--{0} 
Applying Proposition (2.2) we find 
w(d)=(pr-p "-l) n -  n - t  o - ~, 1) . 
des  Q~P 
(1) 
Moreover, we have 
w(d) =n 
#Cf(Fq)-Pf 
p 
1 
= n - - (n - tf - (p - 1 ) # { Q ~ P: f regular  at Q} ), 
p 
where d~D-  {0} and Pf is the number of points of Cf over the points 
of P. This yields 
~, w(d)=(pr 1)n 
d~D 
l (f ~_  (n - t ; - (p -1 )  # {QeP: fregularat Q})).  (2) 
-P  ~ {o} 
By comparing the right-hand sides of (1) and (2) we find our result. | 
An element of the multiplicative group F* defines an isomorphism 
~,~: Cf-+ C2f , y~--.~ 2-1y. 
Hence Lemma (2.4) implies that 
to = E tj. (3) 
f~ ae~- {0}/vp* 
A similar identity can be derived in an analogous way over any finite 
extension field of Fq. This implies that not only the traces of Frobenius 
agree as in (3), but also the eigenvalues of Frobenius acting on the etale 
cohomology H i ( - - ,  Q~) with lCp. Since the jacobian Jac(C) of a curve C 
over a finite field is up to isogeny determined by the set of eigenvalues of 
Frobenius, this proves the following result. 
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(2.5) PROPOSITION. There exists an isogeny 
Jac(C(m) ~ I-I Jac(Cf), 
f ~ P(~C-°D) 
where we write P(5¢D)for ~Lf D- {0}/F*. 
Note that this result can also be proved using idempotents in the 
endomorphism algebra of Jac(C(m); cf. [K-R]. But the proof given here is 
closer in spirit to coding theory. 
(2.6) COROLLARY. The genus g(C (z))) of C (D) is given by 
g(c(D)) =- ~, g(Cf), 
f e P(~aD) 
where g(Cf) denotes the genus of Cf. 
The preceding results show that the higher weight distributions and the 
generalized Hamming weights are closely related to the variation of the 
number of points in the family of curves C (D) as D varies. More precisely, 
let G(r)= G(r, n) be the Grassmann variety/Fq of r-planes in n-space. Then 
the C (D) define a family ~(~) of curves over G (r~. The variation of the 
number of Fq-rational points in this family determines the r-dimensional 
weight distribution. 
As a corollary we derive bounds for the generalized Hamming weights of 
trace codes by applying the Riemann hypothesis (as proved by Hasse and 
Weil) for curves over finite fields. 
(2.7) PROPOSITION. The rth generalized Hamming weight of the trace 
code Tr(C) of length n satisfies 
1 ( ) 
~<~;max y'. [2x /~?g(Cf )+ ~ (p'(Q)- l )  , 
f ~ P(&°D) QEP 
where the maximum is taken over all r-dimensional subeodes D of Tr(C). 
Proof According to Serre's version of the Riemann-hypothesis (see 
[ S ]) we have 
Iq+ 1 - 7~c(D)(Fq)I ~ [2 x//q] g(C(D)). 
The bounds for d~(Tr(C)) now immediately follow from Corollaries (2.3) 
and (2.6). | 
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The Main Theorem of IS-V] is similar to this result. In that paper the 
authors apply their main theorem to obtain estimates for generalized 
Hamming weights of various trace codes, such as duals of BCH-codes, 
classical Goppa codes, and Melas codes. 
(2.8) Remark. The Hurwitz-Zeuthen formula implies in our case that 
g(Cf )=(p- -1 ){ -2+ ~ (mo+l)}//2, 
where If[ ~ is the set of poles of f and mQ is the multiplicity of the pole Q. 
3. APPLICATIONS 
Our applications here are of two kinds: new supersingular curves and 
new maximal curves. 
A. 
In [G-V 4] we studied supersingular curves related to coding theory. 
The jacobian of such curves is isogenous to a product of supersingular 
elliptic curves. The fibre products of those curves lead us to new super- 
singular curves. 
Let ~h with h t> 0 be the Fq-vector space ofp-linearized polynomials 
f h } R = E a ix  : ai ~ Fq 
i~O 
and let 
~t* = {Rf f~h:  ah 760} • 
For R ff ~h, R # 0, and deg R ~> 2 i fp = 2 we consider the curves CR, a with 
the affine equation 
yP - y = xR(x) + ax. 
If R ~ ~ then these curves are supersingular curves of genus (p -  1)ph/2. 
This was proved in [G-V 4] for a= 0 and for a # 0 the proof is similar. 
By 4 we denote the following Fq-vector space of polynomials 
{xR(x) +ax: R~h,  a~Fq}. 
(3.1) PROPOSITION. For every Fp-linear subspace D of Se h the curve C (m 
is supersingular if it is not rational. 
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Proof If dimve D = 1 we refer to [G-V 4], while for dimvp D > 1 the 
result follows directly from Proposition (2.5). | 
The genus formula of Corollary (2.6) then yields explicit supersingular 
curves of an abundant spectrum of genera. 
B. 
We now turn our attention to maximal curves. These are curves over  Fq 
of genus g for which the number of Fq-rational points attains the 
Hasse-Weil bound q + 1 + 2g v/q. 
We consider the case, where p = 2. Assume that q = 2 m with m even and 
m >~ 4. We consider curves CR with affine equation y2 +y =xR(x)  with 
R~*  for 1 <<.h<.m/2. 
(3.2) LEMMA. I f  m~2h ( mod 4h) then the curve C with equation 
y2 + y = x 2h + 1 is a maximal curve over  F q. 
Proof The curve has genus g = 2 h- 1. Using the inclusions 
F2h ~ F22h C F2m , 
we deduce from [G-V 4, Section 5] that the number N h of affine points 
over Fq on C is q _+ 2 h x/q' The congruence on m implies that 
x/~ = 2(2s+ 1)h _~ _ 1 (mod(2 h+ 1)). (4) 
Hence we have 
Nh=q+2 h x /~( l+ 1) (mod(2h+ 1)). 
On the other hand, N h satisfies Nh-2(mod(2h+l ) ) ,  since the group 
Z/(2h + 1)Z  acts on C(Fq) and it acts freely on points with x # 0. So we 
find Nh=q+2 h ,e/q. | 
Now we can prove the following. 
(3.3) THEOREM. I f  m =- 2h (mod 4h) there exist maximal curves over Fq 
of  genus (U -  1) 2 h-1 for 1 <~ r <~ m/2. 
Proof The foregoing lemma implies that the curves Ca defined by affine 
equations y2 + y = aN 2h + 1 with a ~ (Fq*)2h + 1 are maximal. From (4) we 
conclude that F ,/~ c (Fq)  2h+ 1. This means that for 1 ~ r <~ m/2 there exists 
an r-dimensional F2-vector space D in (Fq) 2h+1 such that all the curves Ca 
associated to the non-zero elements of the r-dimensional F2-subspace 
~D={fa=ax2h+l :a~D} are maximal curves of genus 2~'-t  Then we 
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conclude from (3) and Corollary (2.6) that the fibre product C (m is a 
maximal curve of the given genus. | 
The curves y2+y=xR(x)  are connected to words in subcodes of the 
second-order binary Reed-Muller codes. In [G-V 4, Section 2] we saw 
that for h=1,2  these subcodes are the duals of the 2- and 3-error 
correcting BCH codes BCH(2) ± and BCH(3) ±, respectively. The combina- 
tion of Corollary (2.3) and Theorem (3.3) gives Proposition (3.4). 
(3.4) PROPOSITION. (i) I f  q = 2 m with m = 2(mod 4) we have 
d,.(BCH(2) ±) = (U-  1 ) (q -2  x//q)/U 
fo r  r = 1, 2, ..., m/2. 
(ii) I f  q = 2 m with m -- 4 (rood 8) we have 
dr(BCH(3)'-) = (U-  1 ) (q -4  x//q)/2 r
fo r  r = 1, 2 ..... m/2. 
In odd characteristic p with q=pm and m even, m ~> 4, we find along 
similar lines that for m _= 2h (rood 4h) there exist maximal curves over Fq 
of genus ph(p~_  1)/2 for 1 <~r<~m/2. We use curves of type yP-y= 
h h . 
~(p + 1)/2xp + 1, where ~ is a generator of F*.  
We now specialize to k=m/2  and get curves Ca, ,/~+1 given by 
yP-y=ax ,/~+1 with asF*  satisfying a " /~+a=0 that are maximal 
over Fq. If s divides ,c/q+ 1 there is a non-constant Fq-morphism 
~,: C ,/~+ t --* C .... where Ca, s is defined by yP -y  = ax s. So the curves Ca, s 
are maximal over Fq too (see also [Wo]) .  In [D-S-V] it is noted that the 
curves Ca,, are connected to the duals of primitive BCH-codes over Fp of 
designed istance related to s. The curves Ca. s lead to new maximal curves 
and an ample generalization of Proposition (3.4) for which we refer to 
[D-S-V]. 
C 
For another type of maximal curves in odd characteristic p over Fq with 
q =p" ,  m even and m ~> 4 we focus again at the curves CR, a with affine 
equation 
yP --  y = xR(x)  -k ax.  
For fixed R e N~ we denote this one-parameter family of curves by YR. In 
[ G-V 3 ] we showed that there exist maximal curves of this type of genus 
(p - 1)p/2,  i.e., for h = 1. 
Using fibre products we can prove the following theorem. 
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(3.5) THEOREM. For any 1 <~ h < m/2 there exist maximal curves over Fq 
of  genus (p - 1 ) ph/2. 
The proof of the theorem depends on the following lemma. 
(3.6) LEMMA. The normalization of  the fibre product CR, a x p1 CR, b with 
a ~ b and R e ~ has an affine equation o f  the form 
where S e ~*+ 1 + Fq. 
up - u = wS(w) ,  
Proof  The function field of the fibre product is generated over Fq(x) by 
elements y and y' satisfying 
yP - -y  = xR(x)  + ax, y'P --y'  = xR(x)  + bx. 
Write w =y-  y'. Then we have 
x = (w p - w)/(a -- b). 
We substitute this into the equation for CR,. and find 
The expression 
W p -- W 
YP--Y-- a-b  
(wp - w'~ /wP  - w \  
a-b  R -R  +a 
(w) } w R --R + a 
a-b  77g-b STg-b 77g-b +
is of the form wT(w p) with T~ ~*  + Fq. We now apply the substitution 
y ~ u + w Px//T(wP); 
then (5) becomes 
HP--H=W { ~ - -  T(w p) ao(wP--w) lj .  
This equation is of the right form. | 
(5) 
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Proof of Theorem (3.5). We have to find for h = 1 a two-dimensional 
family of curves 
yp - y = )~(xR(x) + ax) + #(xR(x) + bx) 
with .)o,/z ~ Fp, R ~ ~ ~ such that for 3~ + ¢t¢ 0 all these curves are maximal 
over Fq of genus p(p-  1)/2. After a suitable transformation this comes 
down to finding a family of maximal curves 
yP-y=xR(x)+(a+r l (b -a ) )  with r /EFp,  a~b~Fq.  (6) 
From [G-V 3, Theorem (5.1.ii) and Theorem (6.1)1 we recall that for 
h=l  there exists a R~.~'  such that the elements deFq for which 
yP-y=xR(x)+dx is maximal correspond to the points on a quadric 
Q=0 of rank s=m-2h=m-2 in F~ which hasp"  l+(p-1)p(S-2~/2 
points. So the Witt index of the orthogonal space (F~, Q) is s/2. Since 
(s/2) i> 1 there is a one-dimensional totally singular subspace in (Fp, Q); 
cf. [A]. The related curves provide us with a family of type (6). Then 
it follows from (3) and Corollary (2.6) that the normalization of 
CR, a xp~CR, b is a maximal curve over Fq of genus p2(p-1)/2.  The 
preceding lemma implies that the new maximal curve has an anne 
equation of the form 
yP-y=xS(x)  with S~2"  +Fq.  
Now we can repeat he process. | 
Note that the Witt index signals the existence of higher dimensional 
subspaces of maximal curves. 
4. FINAL REMARKS 
In this paper we looked at trace codes over p1. But we may replace the 
base curve p1 by an arbitrary base curve B. The fibre products are then 
taken over B and the jacobian variety of C (D~ has to be replaced by the 
Prym variety of C (m ~ B. 
From results in [ G-V 1, G-V 2 ] and [ G-V 5, G-V 6 ] one obtains, using 
the fibre product, other curves which attain or come close to the 
Hasse-Weil bound. For this we refer to [G-V 7]. 
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